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We study the unextendible maximally entangled bases (UMEB) in Cd
⊗
C
d and connect it with
the partial Hadamard matrix. Firstly, we show that for a given special UMEB in Cd
⊗
C
d, there is
a partial Hadamard matrix can not extend to a complete Hadamard matrix in Cd. As a corollary,
any (d − 1) × d partial Hadamard matrix can extend to a complete Hadamard matrix. Then we
obtain that for any d there is an UMEB except d = p or 2p, where p ≡ 3 mod 4 and p is a prime.
Finally, we argue that there exist different kinds of constructions of UMEB in Cnd
⊗
C
nd for any
n ∈ N and d = 3× 5× 7.
PACS numbers: 03.67.Hk,03.65.Ud
I. INTRODUCTION
It is well known that the quantum states are divided
into two parts: separable states and entanglement states.
The pure product states are special case of the separable
states while the maximally entangled states play impor-
tant roles for the entangled states[1–4]. One of the sig-
nificant property of the quantum theory is the quantum
nonlocality. An unextendible product bases (UPBs) in
bipartite quantum system Cm
⊗
C
n is a set of orthogonal
product states less than mn such that no further product
states are orthogonal to every state in that set[5, 6]. It is
proven that the UPBs display some nonlocality without
entanglement[6, 7]. Similar with the UPBs, in 2009, S.
Bravyi and J. A. Smolin first proposed the notion of un-
extendible maximally entangled basis(UMEB): a set of
orthonormal maximally entangled states in Cd
⊗
C
d con-
sisting of fewer than d2 vectors which have no additional
maximally entangled vectors that are orthogonal to all
of them. The authors pointed out that the UMEBs are
helpful for constructing some quantum states with spe-
cial property of the entanglement of assistance(EOF) and
can be used to find quantum channels that are unital but
not convex mixtures of unitary operations [8].
It is proved that there do not exist UMEBs for d = 2,
and a 6-member UMEB for d = 3 and a 12-member
UMEB for d = 4 were constructed [8]. After that,
the construction of UMEB has attracted the attention
some authors. Firstly, there are many UMEBs have
been constructed in Cd
⊗
Cd
′
(d 6= d′)[9, 10]. In Ref.[11],
the authors studied the UMEB in Cd
⊗
C
d, and gave
that if there is an UMEB in Cd
⊗
Cd then there is
also an UMEB in Cqd
⊗
C
qd for any q ∈ N. Never-
theless, for the UMEB in Cd
⊗
Cd we only know the
cases d = 3, 4, 3n, 4n. So it is interesting to consider the
UMEB in other higher-dimensional system Cd
⊗
Cd for
general d. In addition, Guo generalized the UMEB prob-
lem by replacing the condition of maximality of states
with states of given Schmidt number[12, 13].
The construction of Hadamard matrix is also an inter-
esting topic. In this paper, we mainly concern about the
complex Hadamard matrix. The authors who are inter-
ested in complex Hadamard matrix may look Refs.[14–16]
for further reading. A partial Hadamard matrix is a ma-
trixH ∈Mm×n(T)(where T = {z ∈ C
∣∣ |z| = 1}), whose
rows are pairwise orthogonal. Given a partial Hadamard
matrix H ∈ Mm×n(T) one interesting problem is that
of deciding whether this matrix extends or not to an
n× n complex Hadamard matrix. In the real case, there
are many results[17, 18]. But for the general complex
case, however, very little seems to be known about this
question[19].
In this paper, we show a relation between these two
basic concepts, and in particular we show that if there
are a special UMEB in Cd
⊗
Cd, then we can find a
corresponding partial Hadamard matrix which can not
be extended to a complete Hadamard matrix, and vice
versa. Then by using the extendibility of any d2 − 1 or-
thogonal maximally entangled states, we give an answer
to the conjecture in [19]. The above relation between
UMEB and partial Hadamard matrix gives us a method
construct UMEB. As a example, we first construct a 23-
member UMEB in C5
⊗
C5. Then we generalized the
example to higher dimensions: we show that for any
n ∈ N, there exists an UMEB in C4n+1⊗C4n+1. At
last, we show that there exists an UMEB in Cd
⊗
Cd ex-
cept d = p or 2p, where p ≡ 3 mod 4 and p is a prime.
In addition, we also give an UMEB in C7
⊗
C
7 for the
exceptional unsolved cases. Then by using the UMEBs
constructed from d = 3, 5, 7, we show there are differ-
ent kinds of UMEBs in C(3×5×7)n
⊗
C(3×5×7)n for any
n ∈ N.
II. THE UMEBS IN C
d
⊗
C
d
AND THE PARTIAL
HADAMARD MATRIX
Definition 1. A set of states {|φa〉 ∈ Cd
⊗
C
d : a =
1, 2, · · · , n, n < d2} is called an n-number UMEB if
and only if (i) |φa〉, a = 1, 2, · · · , n, are maximally en-
tangled; (ii) 〈φa|φb〉 = δab; (iii) if 〈φa|ψ〉 = 0 for all
a = 1, 2, · · · , n, then |ψ〉 cannot be maximally entangled.
2Here under computational basis a maximally entangled
state |φa〉 can be expressed as
|φa〉 = (I ⊗ Ua) 1√
d
d∑
i=1
|i〉 ⊗ |i〉, (1)
where I is the d × d identity matrix, Ua is any uni-
tary matrix. According to (1), a set of unitary matrices
{Ua ∈ Md(C)|a = 1, ..., n} gives an n-number UMEB in
Cd
⊗
Cd if and only if
(i) n < d2;
(ii) Tr(U †aUb) = d δab, ∀a, b = 1, · · · , n;
(iii) For any U ∈Md(C), if Tr(U †aU) = 0, ∀ a = 1, · · · , n,
then U cannot be unitary.
In this paper, we only use the latter equivalent difini-
tion of UMEB.
Definition 2.[19] Partial Hadamard matrices: A partial
Hadamard matrix in Cn is a rectangular matrix H with
entries in the circle T whose rows are pairwise orthogonal.
That is, H ∈Mm×n(T)(m < n), and HH† = nIm.
Definition 3.[19] We call a partial Hadamard matrice
H ∈ Mm×n(T) in Cn is completable if there exists a
Hadamard matrix H˜ whose first m rows equal to the
rows of H respectively.
Lemma 1. If there is an N -number UMEB in Cd
⊗
C
d,
then for any q ∈ N, there is a N˜ -number, N˜ = (qd)2 −
(d2 −N), UMEB in Cqd⊗Cqd[11].
In this paper, we mainly study with the UMEB in
Cd
⊗
Cd contaning the following set and we call it a spe-
cial UMEB if exists.
S0 = {XmZn | m = 1, 2 . . . , d− 1, n = 0, 1, . . . , d− 1}
where X =
d−1∑
j=0
|j + 1〉〈j|, Z =
d−1∑
j=0
ω
j
d|j〉〈j|, ωd = e
2pii
d .
Suppose A = (ast)k×d is a k × d partial Hadamard
matrix in Cd, α1, α2, . . . , αk are rows of A. then we can
construct a set of unitary matrices , denoted by S(A) =
{diag(αs) | s = 1, 2, . . . , k}, where diag(αs) =
d∑
t=1
ast|t−
1〉〈t− 1|.
Then the elements in S(A) are unitary and orthogonal
with each other under inner product 〈A,B〉 = Tr(AB†).
Proposition 1. Given a partial Hadamard matrix A with
k× d, then S0 ∪S(A) can not be extended to a full max-
imally entangled base (MEB) if and only if A can not
extend to a complete Hadamard matrix.
Proof. ⇒: Suppose A can extend to a complete
Hadamard matrix. That is there are d − k mutually
orthogonal vectors ν1, ν2, . . . , νd−k with modules 1 for
each entry which are orthogonal to all rows of A. Then
{Uj = diag(νj)
∣∣j = 1, 2, ..., d − k} are unitary matrices
which are orthogonal with each other, and lies in the or-
thogonal complement of S0∪S(A). Then S0∪S(A)∪{Uj |
j = 1, 2, . . . , d − k} is a MEB. This is contradicted with
S0 ∪ S(A) can not be extended to MEB.
⇐: If S0 ∪ S(A) can extend to MEB, then there are
d − k orthogonal matrices U1, U2, . . . , Ud−k which lie in
(S0 ∪ S(A))⊥. However, S⊥0 is the set of diagonal matri-
ces. Hence, (S0 ∪ S(A))⊥ ⊆ S⊥0 is a subset of diagonal
matrices. Suppose Uj = diag(νj) for some vector νj in
Cd for each j ∈ {1, 2, . . . , d−k}. Then the unitary of the
matrix Uj gives that the entries of νj are all module 1.
The orthogonality of S(A)∪{U1, U2, . . . , Ud−k} give that

A
ν1
ν2
.
.
.
νd−k


is a Hadamard matrix.
Now we give an answer to the conjecture in [5] which
conjecture that any partial Hadamard matrix of 4×5 can
be complemented to a complete Hadamard matrix.
Corollary 1. If d is an integer, d ≥ 2, and A is a par-
tial Hadamard matrix of (d − 1) × d. Then A can be
complemented to a complete Hadamard matrix.
Proof 1. Since A is a (d − 1) × d matrix, then we have
S0 ∪ S(A) is a set of maximally entangled states with
d2 − 1 states. By [8], it can be extended to MEB. Hence
by Proposition 1, A can be complemented to a Hadamard
matrix.
Proof 2. Suppose A =


α1
α2
...
αd−1

, then we have
dimC(spanC{α1, α2, . . . , αd−1}) = d− 1,
dimC(spanC{α1, α2, . . . , αd−1})⊥ = 1.
Choosing a nonzero vector
νd = (νd1, νd2, . . . , νdd) ∈ spanC{α1, α2, . . . , αd−1}⊥
such that ‖νd‖ = 1. Then U =


α1√
d
α2√
d
...
αd−1√
d
ν


is a matrix with
normal rows and orthogonal with each other.That is, U is
an unitary matrix. Then all columns of U are also normal
and orthogonal with each other. Hence, |νdk| = 1√
d
for
k = 1, 2, . . . , d. Then


α1
α2
...
αd−1√
dνd

 is a Hadamard matrix.
Remark 1: The Proposition 1 give us a method to con-
struct some sets of UMEB. Suppose there is a partial
Hadamard matrix A whose orthogonal complement con-
tains no vector with each entry module 1. Then S0∪S(A)
is an UMEB.
3Example 1. In C5
⊗
C5, there exists an UMEB with 23
elements.
Let A =
(
α1
α2
)
=
(
1 1 1 1 1
1 −1 1 ω ω2
)
, where ω =
e
2pii
3 . If we denote
ν1 = (
1√
2
, 0,− 1√
2
, 0, 0),
ν2 = (
1√
10
, 0,
1√
10
,
2ω2√
10
,
2ω√
10
),
ν3 = (0,
√
3
5
, 0,
ω − 1√
15
,
ω2 − 1√
15
),
then spanC{α1, α2}⊥ = {ν1, ν2, ν3}. Let α = k1ν1 +
k2ν2 + k3ν3 is a vector with each entries module 1, that
is 
| k1√
2
+ k2√
10
| = 1,
| − k1√
2
+ k2√
10
| = 1,
|
√
3
5k3| = 1,
|k1|2 + |k2|2 + |k3|2 = 1.
Then from the above equations, we have |k1| = |k2| =
|k3| =
√
5
3 . Moreover, k2 = ±ik1, k3 = ±ik1.
If we let α3 =
√
5
3ν1+i
√
5
3ν2+i
√
5
3ν3, then B=
(
A
α3
)
is also a partial Hadamard matrix. However, any vector
lies in spanC{α1, α2, α3}⊥ ⊆ spanC{α1, α2}⊥. Hence, if
ν ∈ spanC{α1, α2, α3}⊥ with each entry module 1, then
ν can be written as the form
ν = k1ν1 ± ik1ν2 ± ik1ν3
However, ν can not be orthogonal with α3. Hence, the
set S0 ∪ S(B) is an UMEB with 23 elements in C5 ⊗C5.
Proposition 2. In C4n+1, there exists a partial Hadamard
matrix which can not complete to a Hadamard matrix.
Proof: Let
A =

α1
α2
α3
...
α2n
 =

1 1 1 · · · 1 1 1 1 · · · 1
1 ω ω2 · · · ω2n−1 1 σ σ2 · · · σ2n
1 ω2 ω4 · · · ω2(2n−1) 1 σ2 σ4 · · · σ2(2n)
...
...
...
...
...
...
...
...
...
...
1 ω2n−1 ω2(2n−1) · · · ω(2n−1)(2n−1) 1 σ2n−1 σ2(2n−1) · · · σ2n(2n−1))

where ω = e
2pii
2n , σ = e
2pii
2n+1 . Firstly, we compute the
orthogonal complement of the subspace V spanned by
the rows of A. Obviously,
β1 = (
1√
2
,
2n−1︷ ︸︸ ︷
0, 0, · · · , 0,− 1√
2
,
2n︷ ︸︸ ︷
0, 0, · · · , 0),
β2 = (
1√
8n+ 2
,
2n−1︷ ︸︸ ︷
0, 0, · · · , 0, 1√
8n+ 2
,
2σ2n√
8n+ 2
,
2σ2n−1√
8n+ 2
, · · · , 2σ√
8n+ 2
)
are orthogonal with α1, α2, . . . , α2n and β1⊥β2. Now we
set
γ1 = (
2n︷ ︸︸ ︷
0, 1, 0, 0, · · · , 0, 0,
2n+1︷ ︸︸ ︷
0, 0, · · · , 0),
γ2 = (0, 0, 1, 0, · · · , 0, 0, 0, 0, · · · , 0),
...
γ2n−1 = (0, 0, 0, 0, · · · , 1, 0, 0, 0, · · · , 0).
By Schmidt orthogonalization we have
β3 = (
2n+1︷ ︸︸ ︷
0,
√
2n+ 1
4n+ 1
, 0, 0, . . . , 0, 0, 0, β31, β32, · · · , β3,2n),
β4 = (0, 0,
√
2n+ 1
4n+ 1
, 0, . . . , 0, 0, 0, β41, β42, · · · , β4,2n),
...
β2n+1 = (0, 0, 0, 0, . . . , 0,
√
2n+ 1
4n+ 1
, 0, β2n+1,1, · · · , β2n+1,2n).
Then we have spanC{α1, α2, . . . , α2n}⊥ =
spanC{β1, β2, . . . , β2n+1}. Suppose ν = k1β1 + k2β2 +
· · ·+k2n+1β2n+1 is a vector with entries module 1. Then
4we must have
| 1√
2
k1 +
1√
8n+2
k2| = 1,
| 1√
2
k1 − 1√8n+2k2| = 1,
|
√
2n+1
4n+1k3| = 1,
|
√
2n+1
4n+1k4| = 1,
...
|
√
2n+1
4n+1k2n+1| = 1,
|k1|2 + |k2|2 + · · ·+ |k2n+1|2 = |ν|2 = 4n+ 1.
Solving the above equations, we have
|k1| = |k2| = · · · = |k2n+1| =
√
4n+ 1
2n+ 1
, and k1 = ±ik2.
If A can be extended to a Hadamard matrix, by adding
2n+ 1 rows ν1, ν2, . . . , ν2n+1. Then we have
ν1 = k11β1 + k12β2 + · · ·+ k1,2n+1β2n+1,
ν2 = k21β1 + k22β2 + · · ·+ k2,2n+1β2n+1,
...
ν2n+1 = k2n+1,1β1 + k2n+1,2β2 + · · ·+ k2n+1,2n+1β2n+1.
The above analysis gives that |kst| =
√
4n+1
2n+1 . Clearly,
the orthogonality of ν1, ν2, . . . , ν2n+1 give that vectors
(k11, k12, . . . , k1,2n+1), (k21, k22, . . . , k2,2n+1), . . . ,
(k2n+1,1, k2n+1,2, . . . , k2n+1,2n+1) are orthogonal with
each other. Hence, if we let K = (kst)(2n+1)×(2n+1).
Then
√
2n+1
4n+1K is a matrix with entries module 1 and
each row are mutually orthogonal. Hence, H =
√
2n+1
4n+1K
is a Hadamard matrix. In the following we show that this
can not be true and get a contradiction.
If we replace each row by (kj1, kj2, . . . , kj,2n+1) by
1
kj1
(kj1, kj2, . . . , kj,2n+1), then the new matrix H˜ is also
a Hadamard matrix with the element of first column all
are 1. Noticing that kj2 = ±ikj1 for j = 1, 2, · · · , 2n+ 1
so the elements in second column of H˜ are i or −i. The
Hadamard matrix H˜ also give that the column of H˜ are
orthogonal with each other. Suppose there are p elements
of the sencond column are i and q elements are −i. Then
the inner product of the first column and the second col-
umn is (p − q)i. Here p + q = 2n + 1, so p 6= q. Hence,
(1, 1, . . . , 1)T can not orthogonal with the second column.
Hence we can conclude that A can not be extended to
a Hadamard matrix.
Corollary 2. There exists an UMEB in C4n+1 ⊗ C4n+1
for any integer n.
Corollary 3. There exists an UMEB in Cd⊗Cd, whenever
d 6= p or 2p (p ≡ 3 mod 4 and p is a prime).
Proof: Let d = pr11 p
r2
2 . . . p
rk
k where pi are primes, p1 <
p2 < ... < pk, and ri ∈ N for i = 1, 2, . . . , k. If p1 =
2, r1 ≥ 2 then we have an UMEB for d is multiple of 4.
Else if some pj = 4n+ 1(n ∈ N), from the corollary 2 we
have an UMEB. So we can suppose that all the primes
are of the for pj = 4n + 3 except if the first one to be
2. Now suppose there are two primes pj = 4n + 3 and
ps = 4m + 3(m ∈ N), then we can get 4t + 1|pjps for
some integer t, we also can get an UMEB. Then we can
get only the situation d = p or 2p, where p = 3 mod 4
and p is a prime are not solved.
We have solved the most situations, only the cases d =
p or 2p, where p = 3 mod 4 and p is a prime are not
solved. Among all the numbers d which are unsolved, 7
is the smallest one. In the following, we sovle this case
by the same method.
Example 2. In C7 ⊗ C7, there exists an UMEB with 45
elements.
Let A =
 α1α2
α3
 =
 1 1 1 1 1 1 11 ω ω2 1 i −1 −i
1 ω2 ω 1 −1 1 −1

where ω = e
2pii
3 , and Obviously,
β1 = (
1√
2
, 0, 0,− 1√
2
, 0, 0, 0),
β2 = (
1√
14
, 0, 0,
1√
14
,
−2i√
14
,
−2√
14
,
2i√
14
),
are orthogonal with α1, α2, α3 and β1⊥β2, Now we set
γ1 = (0, 0, 0, 0, 0, 1, 0).
By Schmidt orthogonalization we have
β3 = (0,
2ω√
14
,
2ω2√
14
, 0,
−i√
14
,
2√
14
,
i√
14
).
β3 is orthogonal with all the vectors α1, α2, α3, β1, β2.
Let β4 be a normalized vector and orthogonal with
α1, α2, α3, β1, β2, β3. Then we can get
β4 = (0,
2√
14
,
−2ω2√
14
, 0,
ω − 1√
14
, 0,
ω − 1√
14
).
Hence we obtain that spanC{α1, α2, α3}⊥ =
spanC{β1, β2, β3, β4}. Suppose α = k1β1 + k2β2 +
k3β3 + k4β4 is a vector with each entries module 1, that
is 
| k1√
2
+ k2√
14
| = 1,
| − k1√
2
+ k2√
14
| = 1,
| 2ωk3√
14
+ 2k4√
14
| = 1,
| 2ω2k3√
14
− 2ωk4√
14
| = 1,
|−2ik2√
14
− ik3√
14
+ (ω−1)k4√
14
| = 1,
| 2ik2√
14
+ ik3√
14
+ (ω−1)k4√
14
| = 1,
|−2k2√
14
+ 2k3√
14
| = 1,
|k1|2 + |k2|2 + |k3|2 + |k4|2 = 7.
5Then from the first two equations above, we obtain the
first two equations below. And from the third and fourth
equations above, we obtain the third and fourth equa-
tions below. So are to the fifth and sixth. Here for two
complex number z1 = x1 + iy1, z2 = x2 + iy2, we write
z1 ⊥ z2 by meaning that x1x2 + y1y2 = 0.
|k1|2
2 +
|k2|2
14 = 1,
k1 ⊥ k2,
4|k3|2
14 +
4|k4|2
14 = 1,
ωk3 ⊥ k4 ⇒ k3 ⊥ ω2k4,
|(ω−1)k4|2
14 +
|2ik2+ik3|2
14 = 1,
(ω − 1)k4 ⊥ (2ik2 + ik3)⇒ ω2k4 ⊥ (2k2 + k3),
|−2k2√
14
+ 2k3√
14
| = 1,
|k1|2 + |k2|2 + |k3|2 + |k4|2 = 7.
Then from the above equations, we have |k2|2 =
7
4 ,
|2k2+k3|2
14 +
3
14 |k4|2 = 1, |k3|2+ |k4|2 = 72 , |k2−k3|2 = 72 .
Since ω2k4 ⊥ k3, ω2k4 ⊥ (2k2 + k3), we can get ω2k4 ⊥
2k2, then we have k2, k3 are R linear dependence. So we
can suppose k2 = rk3, for some real number r. Substitut-
ing this into above four equations, we get the following
two equantions: {
r2 − r + 12 = 0,
r2 − 2r − 1 = 0.
Then r is unsolvable. So there is no k1, k2, k3, k4 sat-
isfing the condition. That is, there is no vector in
spanC{α1, α2, α3}⊥ with each entry module 1. Hence,
by Proposition 1, we have an UMEB in C7 ⊗ C7.
Actually, when d = 3 the UMEB contains 6 states, so
it misses 3 states to form a full base. Similarly, when
d = 5 there are 2 states missing, when d = 7 there are
4 states missing. Then there are three ways to obtain
the UMEBs for d = 3 × 5 × 7 by the method of lemma,
respectively from d = 3, 5, 7. The one obtained from d =
3 is missing 3× 35 = 105 states. The one obtained from
d = 5 is missing 2 × 21 = 42 states, while the last one
obtained from d = 7 is missing 4× 15 = 60. So the three
UMEBs are different with each other. Hence for the case
d = 3×5×7, there are at least three UMEBs. Moreover,
it can be generalized to the case d = 3× 5× 7×n for any
integer n.
III. CONCLUSION AND DISCUSSION
We study the UMEBs in Cd
⊗
Cd and connect it with
the partial Hadamard matrix. We show that the exis-
tence of a special UMEB in Cd
⊗
Cd is equivalent to
the existence of an uncompletable partial Hadamard ma-
trix. In particular, as a corollary, we get any (d− 1)× d
partial Hadamard matrices can always extend to a com-
plete Hadamard matrix, which gives an answer to the
conjecture in [19]. Actually, the Proposition 1 also give
us a method to construct UMEB by using an uncom-
pletable partial Hadamard matrix. Then we prove that
there exists an uncompletable partial Hadamard matrix
for d = 4n+ 1 which implies the existence of an UMEB
in C4n+1
⊗
C4n+1. At last, combining the lemma with
the proposition 2, we obtain that for any d there is an
UMEB except d = p or 2p, where p ≡ 3 mod 4 and p is a
prime. In addition, we also give an UMEB by the partial
Hadamard method when d = 7. We conclude there are
at least three different sets of UMEBs in Cd
⊗
Cd when
d is multiple of 3× 5× 7.
We hope that the paper will be helpful both for the
construction of UMEB and the partial Hadamard matri-
ces.
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